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The steady state 
 The intersection of the depreciation line and the saving 

function defines the steady state. 

 In the steady state: k is constant! 
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1.1. Capital accumulation in the steady state 



The steady state: increasing k  
 k1C = new investment, sy; k1D = depreciation, δk  

capital stock k1 increases by amount DC.  

 Next year’s k= k1’>k1 
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1.1. Capital accumulation in the steady state 
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Increase in the saving rate 
 A higher saving rate leads to a steady state with higher 

capital per worker and higher output per worker.  
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1.2. Change in the saving rate 



Savings and growth rate 

 At a given saving rate: the further away the economy is 
from the steady state, the faster it grows (if before 
below the steady state) 

 

An increase in the saving rate has an effect on the level 
of GDP per capita 

It does NOT have an effect on the growth rate of GDP 
per capita 

Because of diminishing returns: as soon as sf(k) meets dep 
line  growth rate of y= 0  

 

Notice also that saving more leads to a reduction in 
consumption levels 

1.2. Change in the saving rate 



Consumption in the steady state 

 Is accumulating more capital always better? 

   

 Consumption in our model captures the level of 
economic satisfaction.  

 Households consume the part of Y they don’t save. 

 

 Best outcome for households: highest consumption 
 

 In the steady state consumption is given by 
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1.3. The Golden Rule 



How to maximize consumption 

 Where is the largest vertical gap? 
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1.3. The Golden Rule 
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1.3. Production Function 



Golden rule saving rate 
 To ensure maximal consumption, the saving rate has to 

cross the depreciation line where the distance between 
δk and f(k) is maximal. 
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The Golden Rule 

 In steady state consumption c is given by 

 

 

What is the level of k that maximizes consumption in 
steady state?   

 Marginal productivity of capital = depreciation rate 

 

 

 Golden Rule:  the steady state value of  the capital-
labor ratio          maximizes consumption when the 
marginal product of capital equals the depreciation 
rate 
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1.3. The Golden Rule 



The Golden Rule 
Attention: economy does NOT automatically gravitates 

toward the golden rule steady state.  

 

What if  we are at a steady state that is not the Golden 
Rule steady state?   

 This means that the saving rate is too high or too low which 
leads to high or to low steady state value of k. 

 Two possible scenarios: 
 The capital/labor ratio is too high: dynamic inefficiency 

 The capital/labor ratio is too low: dynamic efficiency  

 

In any case: consumption will be lower than in the golden 
rule scenario! 

1.3. The Golden Rule 



Transition to the Golden Rule steady state 

 Let’s see what happens when the policy maker decides 
to bring the economy to the Golden Rule steady state.  

 

 At first: we study the transition to the new steady state 
assuming that so far the economy’s steady state was 
above the Golden Rule steady state. 

 The capital/labor ratio is too high: dynamic inefficiency 

 

 Second: we study the transition to the new steady state 
when the economy’s original steady state was below the 
Golden Rule steady state.   

 The capital/labor ratio is too low: dynamic efficiency  

3. 5. Transition to the Golden Rule 



Dynamic inefficiency 
 Initial steady state: 

}low initial consumption

}higher golden rule consumption too
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3. 5. Transition to the Golden Rule 



Dynamic inefficency 

 Until the economy reaches the Golden Rule steady state, 
total depreciation will be bigger than new investment. K/L 
decreases.  

 Consumption = between snew and f(k) 
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3. 5. Transition to the Golden Rule 



Dynamic inefficency 

 Until the economy reaches the Golden Rule steady state, 
total depreciation will be bigger than new investment. K/L 
decreases.  

 Consumption = between snew and f(k) 
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3. 5. Transition to the Golden Rule 
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Dynamic inefficiency: “Free lunch” 

 Exogeneous decrease of the saving rate in t0 leads to 
higher consumption 
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total depreciation will be bigger than new investment. K/L 
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3. 5. Transition to the Golden Rule 

k



Dynamic efficiency 

 Initial steady state  
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3. 5. Transition to the Golden Rule 



Dynamic efficency 

 Too low saving rate so policy makers seeks to decrease 
the saving rate: sold > snew  
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3. 5. Transition to the Golden Rule 



Dynamic efficiency: “No pain, no gain” 

 Exogeneous decrease in the saving rate in t0 leads to 
higher consumption  

 

Low initial 

consump-

tion 

Golden rule 

consumption 

0 
time 

Consumption 

B 

Saving more 
means consuming 

less, at first 

t0 

3. 5. Transition to the Golden Rule 



Impact of the transition on y, c and i 

Source: Mankiw, 

Macroeconomics, (2001) 

3. 5. Transition to the Golden Rule 



Adding population growth 

 In the Solow model, capital accumulation cannot 
sustain growth of Y/L in the steady state  So far, once 
the economy is in its steady state Y does not grow.  

 

 As we will see, growth of Y and K can be permanently 
sustained once we allow for population growth in the 
model  in the steady state Y and K grow at the same 
rate as L 

 But we still cannot explain sustained growth of Y/L in the 
steady state  

 

 (Adding population growth is of course a very realistic 
addition to the basic model) 

2. Population growth 



Working age populations (in millions) 

 

Source:   OECD, Economic Outlook 
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2. Population growth 



The steady state with population growth 
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 With population growth: K/L decreases because 

 Depreciation of K (δK)  K 

 Population growth (nL) L (“Capital dilution”) 

 

 For K/L to be constant, investment needs to compensate 
both for the deprecation of K as well as for growth in L.  

 

 Formally, the new capital accumulation condition 
becomes 

 

 

 n: population growth rate  

2. Population growth 



The steady state with population growth 
 Depreciation line becomes the ‘capital widening’ line. 

 Takes into account that K has to grow by rate δ+n in order 
for K/L to stay constant. 
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2. Population growth 



Example of finding the steady state 
 In t0: K=100 and L=20 and δ =0.1 and n=0.4 

 

 In t0 this gives us: k=K/L=100/20=5 

 How much of K wears out? δK =0.1*100=10 

 How many additional people? nL=0.4*20=8 

 

 If no investment, in t1 we thus have:  

 K/L=(100-10)/(20+8)=90/28=3,21 

 Steady state: How much do I have to invest to keep K/L=5? 

 (δ +n)K=(0.1+0.4)K=0.5*100=50 

 

 Find new K/L: (100+x-10)/(20+8)  

 = (100+50-10)/(20+8)=140/28=5 

 

 

2. Population growth 



The steady state with population growth 

Attention: 

 Also with population growth: 

 K/L stays constant in the steady state! 

 

 But: 

 K increases at rate n to compensate for the increase in L 

 

 What is the growth rate of L here? 

 What is the growth rate of K here? 

 What is the growth rate of Y here? 

 

2. Population growth 



Increase in population growth 

 Rate of population growth rises from n1 to n2  

 With s constant: steady state k and y fall! 

y=Y/L 

0 

saving ( )s f k

1
k

1capital widening ( )n k  

A1 

2( )n k  

2
k

A2 

k=K/L 

2. Population growth 
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2. Population growth 
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 Notice that faster population growth in the Solow model 
reduces the per capita GDP level (if s stays the same) 

 But it does NOT affect the growth rate of income per 
capita (Y/L)! 

 

 In the presence of population growth, we have a 
modified version of the golden rule: 

 

 

 Golden Rule: consumption is maximal when the 
marginal product of capital net of depreciation (MPK – δ) 
equals the rate of population growth (n).  

 

Golden Rule with population growth 

2. Population growth 



Golden rule with population growth 
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2. Population growth 



Introducing technological progress 
 Technological progress needed to explain sustained 

growth!  
 

 Technological progress A is labor augmenting,  

Y=F(K, AL) 
 A: efficiency of labor (=available technology) 
 AL: “effective labor” 

 

 When efficiency of labor increases: one worker 
produces more output! 
 Ex: assembly-line production, introduction of computers… 
 For Y: an increase in A = same effect as increase in L! 
 A is no production factor and doesn’t get paid (“general 

knowledge” ) 

3. Technological Progress 



Shift of the production function 
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1.1. Capital accumulation in the steady state 

New prod. function 

Old prod. function 

New sy 
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 The effect of an increase in A  prod function shifts up 

 If savings rate = const. : more y  more investment (sy) 



Introducing technological progress 

 Efficiency of labor (A) grows at the constant rate a.  

 

 Since L grows at rate n and A grows at rate a, AL grows 
at a+n 

 

 How do we find our steady state? 

 

 Redefine y=Y/AL and k=K/AL 
 Expressing our key variables in effective labor 

 

 We can then rewrite the capital accumulation equation 
as 
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3. Technological Progress 



Steady state with population growth and 
technological progress 
 Capital widening now also includes a. 

 Attention: watch the labels on x and y axis! 
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3. Technological Progress 



Golden Rule with technological progress 

 For k=K/AL to be constant in steady state: 

 i = (δ + a + n)k  

 K must be growing at a rate a+n and compensate for 
depreciation. 

 

 Golden rule: the steady state value of  the capital-
effective labor ratio          maximizes consumption when 
the marginal product of capital net of depreciation 
equals the rate of total output, a + n 
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3. Technological Progress 



Kaldor’s stylized facts 

 Fact 1: Output per capita (Y/L) and capital intensity 
(K/L) keep increasing 

 

 Fact 2: The capital output ratio (K/Y) is roughly 
constant 

 

 Fact 3: Hourly wages keep rising 

 

 Fact 4: The rate of return to capital is constant 

 

 Fact 5: The relative shares of GDP going to labor and 
capital are constant 

4. Explaining Kaldor’s stylized facts 



Technologial progress 
 A positive a implies that both K/L and Y/L increase over 

time with growth rate a: 

 Y/AL = constant but Y/L increases with A! 

 y = constant in steady state, but Y grows at a + n 

 

 Thus, technological progress brings about sustained 
growth in per capita income Fact 1! 

 Faster technological progress leads to faster growth in 
GDP per capita/per worker. 

 

Note that growth rate of effective labor stays zero in the 
steady state! 

4. Explaining Kaldor’s stylized facts 



Trend growth rates of output and capital 
 Summary of growth rates in steady state with 

population growth and technological progress 

 Since Y and K grow at the same rate (a+n), Y/K stays 
constant over time Fact 2! 

time 

y=Y/AL  and  k=K/AL Growth rate = 0 

Y/L and K/L 
Growth rate = a 

Y and K 

Growth rate = a+n 

4. Explaining Kaldor’s stylized facts 



Explaining Kaldor’s stylized facts 

 Fact 1: Output per capita (Y/L) and capital intensity 
(K/L) keep increasing  
  technological progress increases labor productivity, so 

Y/L  if A 
  Steady state: K/AL = constant  K/L  if A 

 

 Fact 2: The capital output ratio (K/Y) is roughly 
constant 
  Steady state: K and Y both increase both at rate n+a  

 

 Fact 3: Hourly wages keep rising 
  Workers are paid according to their marginal product. 

So if labor productivity  because A  w 

4. Explaining Kaldor’s stylized facts 



Explaining Kaldor’s stylized facts 

 Fact 4: The rate of profits is constant 
  Productivity of K stays constant, technological progress 

increases only efficiency of labor  profit rate of K is 
constant 
 

 Fact 5: The relative shares of GDP going to labor and 
capital are constant 
  K and L receive income respective to their contribution 

to GDP. If their relative contribution stays constant  
income shares are constant. 

 

4. Explaining Kaldor’s stylized facts 



Growth accounting 
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 How do we measure the importance of technological 
progress?  

Solow Residual 
 

 We cannot measure changes in technological progress. 
But we can measure capital and labor. 

 So the growth we cannot explain by the increase in capital 
or labor must come from an increase in labor efficiency. 

 
 

 

 The rate of technological progress is estimated as what is left of 
output growth once growth in the capital stock and in the 
number of man hours is taken into account. 

5. Growth accounting 



Growth accounting 

 Solow decomposition for 1997-2006 
(avg. annual growth rates) 

 

Table 3.5c Solow residual 1997-2006 

GDP Contribution  

of inputs 

Residual 

France 2.2 1.3 1.0 

Germany 1.4 0.6 0.8 

Netherlands 2.3 1.4 0.9 

UK 2.7 1.7 1.0 

USA 3.0 1.9 1.1 

Japan 1.2 0.1 1.1 

5. Growth accounting 



The four Asian tigers 

 Hong Kong, Singapore, South Korea and Taiwan 
experienced fast growth during the post war period 

 

 Was growth in GDP driven mainly by technological 
progress (i.e. TFP growth) or by using more resources? 

 
 Large debate in the literature, with important 

implications in terms of economic policies. 
 Young (1995) finds that factor usage plays a key role. 

 

 Increase in the saving rate & accumulation of (human) 
capital where driving forces. Imitation of technologies 
from more advanced countries. 
 

5. Growth accounting 



Criticisms 

 Several criticisms have been formulated on Solow’s 
exogenous growth model: 

   

 Growth rate of technological progress is exogenous. No 
resources are invested to improve labor efficiency. 

  Endogenous growth model 

 

 Perfect competition in all markets 

   

 The choice of the saving rate is exogenous.  
 

5. Growth accounting 


